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£>-,' Abstract 

a ' 

In this paper we complete the proof of the existence of multiple solutions (and, in par- 
ticular, non minimal ones), to the e-Dirichlet problem obtained as a variational problem for 
the SU(2) e -Y&ng Mills functional. This is equivalent to proving the existence of multiple 
solutions to the Dirichlet problem for the 5f/(2)-Yang Mills functional with small boundary 
data. In the first paper of this series this non-compact variational problem is transformed 

C\ , into the finite dimensional problem of finding the critical points of the function 3 e (q), which 

is essentially the Yang Mills functional evaluated on the approximate solutions, constructed 
via a gluing technique. In the present paper, we establish a Morse theory for e (q), by means 

rp of Ljusternik-Schnirelmann theory, thus complete the proofs of Theorems 1-3 in 0]. 



o 



% 



1 Introduction 



culated with respect to a fixed absolute minimizer, say A^, with prescribed smooth boundary 



^. ■ Let yi+i^o) be space of smooth connections with relative 2nd Chern number equal to 1, cal- 

00 

CH ■ value A , of the SU(2) e -Yang Mills functional 

IT) 

^ ' UTVT I A\ — I I 7?. e l 2 



^M e (A) = / \F A Tdx, (1.1) 

B 4 



where Fa 6 = dA + \[A, A\ e := dA + |L4, A]. The space A+i(Aq) is well-defined and non-empty, 
since an absolute minimum is known to exist always (cf. |6j), and by Taubes' gluing construction 

(cf. [S3). 

The Euler Lagrange equations for (|1.1|) with prescribed smooth boundary value Aq yield the 

e-Dirichlet problem: 

^ / d*/FS = in B* 



l*A ~ ^o at dB 4 , 



? 4 ^4 



where, t : dB — > B is the inclusion, the symbol ~ stands for gauge equivalence, d* A € := 
*d * +e * [A, *•], and * denotes the Hodge star operator with respect to the flat metric on R 4 . 

We recall that, for e > 0, solutions to (D<e) are in one-to-one correspondence with solutions 
to (D(e)l, that is the Dirichlet problem for the standard St/(2)-Yang Mills functional with 
boundary value cAq (cf. § 2.2 in [3]). 

In [3] it is shown that a solution to (T> e ), i.e. a large Yang Mills field with boundary value Aq, 
always exists in A + i(Aq), or A-i(Aq) if Aq is non-flat. With no loss of generality, we focus on 
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A+i(Ao) (since all the results obtained can be transformed into results on A-i(Aq), by simply 
reversing the orientation of B 4 ). 

In the first paper of this series, the problem of finding solutions to the e-Dirichlet problem 
(D e ) in A+i(Aq) is reduced, for small values of the parameter e > 0, to the finite dimensional 
problem of finding critical points of 

3e(q) = e 2 / \F A{q)+a{q) e \ 2 dx , forqe?(d ,Ao;£>i,£>2,e), with < D 1 < D 2 , (1.2) 
0>(do, A ; D 1: D 2 ; e) := {q := (p, [g},\) e ?(d , A ) : D x e < A 2 < D 2 e} , (1.3) 



where 



with 



?(d , A ) := Bf_ do x 50(3) x (0, A ) , for < 2A < d , (1.4) 



is the parameter space used in the gluing procedure to construct the approximate solutions A(q). 
We recall that A(q) is the approximate solution obtained by gluing the 1-instanton to A e , 
and a(q) is the unique solution to the auxiliary equation defined in §3.6 of [4] (cf., in particular, 
Lemma 3.9 in [4]), and accounts for the interaction with the boundary (cf. [4] for the precise 
definitions). In Proposition 3.2 of [4] it is proved that the critical points of # e (q) are in one- 
to-one correspondence with the solutions to D e . In the present paper, we do the Morse theory 
for the finite dimensional functional #e(q) on ( P(do, Ao; D±, D 2 ; e) and complete the proof of the 
existence theorems of multiple solutions to D e (Theorems QJ3] in §5 — §7). 

More in detail, in §2 we study the asymptotic properties, as p approaches dB 4 , of the function 
F{p) and of the 3x3 matrix M(Aq,p), which play a crucial role in our construction; in §3 we 
study the Morse theoretical properties of the function R — > Tr(RM), with R S 50(3), which 
translate into properties of the space of solutions to (T> e ), by taking M = M(Aq,p); in §4 we 
prove two lemmas on the asymptotic behavior, as e — > 0, of the functional £f e (q), needed for 
the proofs of the main theorems, Theorems [TJ{3l proved in §5 — §7; in §8 we give a method to 
construct boundary data that yield any given matrix M = M(Ao,p) (cf. next section), thus all 
the different cases enlisted in Theorem [3] can be obtained. Moreover, we show that the non- 
degeneracy assumption /j,\ > fi 2 > ^3 > on the eigenvalues m (i = 1, 2, 3) of M(AQ,p) t M(AQ,p) 
can always be achieved via a small perturbation of the boundary data. 

We assume throughout this paper that Ao, do, D\, D 2 , e, q in (|1.2p - (jl.4p be fixed once and for 
all, with < Di < D 2 , and < 2A < do- 

2 Behavior of F(p) and M(Aq,p) near the boundary 

The existence of multiple, and in particular non-minimal solutions to the e-Dirichlet problem 
(D e ) for small positive values of the parameter e, depends critically on the properties of the 
function F(p) and of the 3x3 matrix M(Aq,p), as expressed in the statements of Theorems Q313] 
(cf. §5-§7). 



We recall that 

F(p)= [ \(dh p y\ 2 dx lP £B\ (2.1) 

and that, for a given boundary value Aq, 

M{A ,p) := ( mij (A ,p)) , (2.2) 

with 

mij(A ,p) := / ((cL4 )~ , (dh Pii )~) dx , (1 < i,j < 3) , 

JB 4 - 

where, for a given 2-form uj, we denote its anti-self dual component by ta~ (i.e., cu~ := (oj—*oj)/2), 
and Aq is a solution to the linear Dirichlet problem 

/ v ( d*dA = in B 4 

{ °> \ l*A ~ A on OB 4 , 

(Note that, by Hodge theory, dA is uniquely determined by the boundary value Aq, thus the 
definition above is well-posed). 

In this section we study the asymptotic behavior of F(p) and M(A ,p), as p approaches the 
boundary dB 4 of the four dimensional disk. 

Lemma 2.1 The function F(p) = J B4 \(dh p )~\ 2 dx, for p G B 4 satisfies: 

(1) F{p) >0 for allpeB 4 ; 

(2) there exists a constant C\ > (independent of p) such that F(p) = C\d{p)~ 4 + o(d(p)~ 4 ) as 
p G B 4 approaches dB 4 , where d(p) := 1 — \p\ is the distance from p to dB 4 ; 

(3) there exists a constant C2 > (independent of p) such that F'(p) = C2d(p)~ 5 A + o(d(p)~ 5 ) 
as p E B 4 approaches dB 4 . 

Proof: 

Proof of (1). Recall that h p is defined as the solution of the Dirichlet problem Ah p = in 

B 4 with boundary data h p {x) = Im |~ |f at dB 4 (where all the components, not only the 

tangential ones, are assigned at the boundary). For 1 < i < 4, let a Pt i = a p ^(x) be the solution 

of the Dirichlet problem Aa p> i = in B 4 and a P: i(x) = rj~[l a ^ dB 4 . To prove (1), we rely on 

the Poisson integral representation of these functions. 

By the Poisson's formula (see [11]), one has 

2tH J s s |x-y| 4 \y - p\ 4 
and, writing h p = h p ^i + h p ^j + h p ^k, these components satisfy 

/i P) i = — ctp^dx + a p ^dx + a p ^dx — a p ^dx , 
h p £ = —a p ^dx — a p ^dx + a p ^dx + a p ^dx , 
h P £ = —ctp^dx 1 + a p ^dx 2 — otp^dx 3 + a p ^dx 4 . (2.4) 



By direct computation, 



1 fda v .\ da D o . da v .3 da z 



1 / da Ptl da p , 2 da Pj3 da pA ■ _ 

2 V <9x 4 <9x 3 <9x 2 9a; 1 
1 /do^i da P;2 9q p ,3 <9a Pj4 



+ 2V 5x3 + 9x 4 ^1 9x 2 ) W 3> l^J 



_ 1 /dc^i _ da Pi2 da p , 3 _ Sop^x _ 

[<M p ,2) ~ 2 { dx 4 Q X 3 + Q X 2 Q X 1 )"l 

l/ da Pt i da p , 2 da Pj3 da pA \ _ 

+ 2\ dx l + dx 2 dx 3 dx* r 2 

1 ( da Pt i da P: 2 da p>3 da p ^ 



and 



- i ~~p,i. ~~p>£ i ""p.j _ — p^ \, ,- (o a\ 

+ - 1 dx 2 + dx 1 + 3x 4 dx 3 ' 3 ' l j 



C/h V-V d«p,l <9«p,2 g«p,3 , g«p,4 V,- 

l(da Pt i da p> 2 da p , 3 da pA \ _ 



2 V dx 2 dx 1 dx 4 dx 3 

+ 2lax! + dx 2 + ^3 + Q X A J^3> i^O 

where co^ := dx 1 A dx 2 — dx 3 A fix 4 , w^ := dx 1 A dx 3 + dx 2 A dx and u;^" := dx 1 A dx 4 — dx 2 A <ix 3 
compose the standard basis for anti-self dual forms on M 4 . 
By (|2.3p . we calculate 

fer(o) + &r(o) + -^a-(°) + ^r (o) = ^ / g3 j—f dy > ° ( 8) 

for all p G -B 4 , where "•" represents the inner product in ]R 4 . 

From (f23 |> — <[277 |> . it follows that |(<i/i Pii )-(0)| > for 1 < i < 3 and for all p G B A , thus 
F(p) = fgt \(dh p )-\ 2 dx>0 for all p G B 4 . 

Proof of (2). To prove (2), we write the functions a Pj j(x) explicitly in terms of the Green function 
for the Laplacian on B 4 . More precisely, let T(x,y) = T(|x — y|) = — g^-|x — y\~ 2 , where w 4 is 
the volume of B 4 , be the fundamental solution for the Laplacian in M 4 , and G(x, y) the Green's 
function on B 4 , with Dirichlet boundary data. Denote by H(x,y) the regular part of G(x,y), 
i.e., H(x,y) = T(x,y) — G(x,y). The functions a Pi i are then given by 

a P) j(x) = -4w 4 — - (x,p) , 

and H(x,p) is explicitly given by H(x,p) = r(|p||x — p*\) (c.f. [2j), where p* = p/\p\ 2 for p / 0, 
and p* = 00 for p = 0. We thus have 

, s _ Pi gj ~ P*,i _ 2pip- (x-p*) 

ap4xj " H 4 |x-^| 2 + |p| 4 |x-^| 4 H 6 |x-p,| 4 ' 



and finally 



6^p,2 ^PiyEj P*,j ) ®ij ^\%i P*,i)\^j P*,j) 

dxj |p| 4 |x — p*| 4 |p| 4 |x — P*| 4 \p\^\ x — P* 



6 



IPiPj . 8pi(xj - p* tj )p ■ (x - p*) 

~ + irifiT^ — n • i 2 - y J 



|p| 6 |x-p*| 4 |p| 6 |x-p* 

Using (|2.9p . one calculates explicitly (|2.5p - (|2.7p . In particular, the coefficient of u^ in (|2.5 
namely ((dh Pt i)~ ,0/j"), is 



2p • (x — p*) 2 8(p • (x — p*)) 



2 



((dftp,i) , w x ) = 7^47- — — iz - o^ - : — zm + 



|p| 4 |x — p*| 4 |p| 4 |x — p*| 4 |p| 6 |x— p*| 6 
Similarly, the coefficients of w^, oj^ in (12, 5j) . namely ((d/t P! i)~,u;^), ((d/i Pi i)~,(^~), are 

((^l)".^) = ( H 4| X 2 _^|4 + H6|l X _"^ )^("3 ~P>,3) ~P3(X 2 -p>, 3 )) 

+ GpI 4 I*-p*I 4 + H 6 ^-"^ ) (P4(X1 " Pm) " R(X4 " P * a)) ' (2 ' 10) 



>p- (x -p *) 

\p\ 4 \x — p*| 4 ' |p| 6 |x — p : 



((d/lp,l) ,W 3 )= ( |7i4l^ r~|4 + U6U _„ 16 )(P2(g4-P*,4)-P4(g2-P*,2)) 



+ (|p| 4 |x-p,| 4 + N 6 k-$) (R(X3 " P *' 3) " n{xi " P *' l)} • (2-11) 

In order to study the behavior of the integral f B4 \(dh p )~\ 2 dx as p — > dB 4 , it is sufficient to 
take p = (0,0, 0, — 1 + d) and let d — >• 0. (The general case follows from this since approaching 
from tangential directions would contributes only lower order terms). By taking only the leading 
terms in the integrals below, one obtains the following asymptotic behaviors as d — > (notice 
that p* = (0, 0, 0, -1 - d) + 0{d 2 ) as: d -> 0): 

UAh \~ -V f ( 1 4(p-(x-p,)) 2 V^ 

B S {dh - l) ^ ^ J b \ \p\ 4 \ x -pA 4 - |pHx-p,| 6 ) dx 

i 4^+i+co 2 Y dx 



XAt 



>-l V (»i + x 2 + x| + (x 4 + 1 + d) 2 ) 2 (x 2 + x| + x\ + (x 4 + 1 + d) 2 ) 



1/ f I 4 ^ + !) 2 V^. 1 (212) 

^7x 4 >oV(^ + ^ + ^i + ^4 + i) 2 ) 2 (x 2 + x 2 + x 2 + (x4 + i) 2 ) 3 ; <i 4 ' l ' ; 



((dhp,i) ,uj 2 ) 2 



IB* 

i w • \-< — /' ; '~ 



I'D * IX — U i ) 

rTm -iT9(P2(»3 ~P*,3) -P3(^2 ~P*,2) +P4(a:i ~P*,l) ~Pl(a?4 -p*,4)) z dx 

B 4 |p| 1Z |X — P*| iZ 



(x 4 + l + d) 2 X 2 1 

■dx~ -jt, (2.13) 



>_i (x 2 + x| + x 2 + (x 4 + 1 + d) 2 ) 6 '" d 4 



((dhp i) ,w 3 ) dx 

( T) ' ( T 1) ) ) 

TTPTi *-1y){P2{xa ~P*,4) -P4,{x2 -p*,2) + Pi{x 3 ~P*,s) - Pz{x\ - p*,i)) 2 dx 

b a |p| lz |3; -p^ 

fo + l + d) 2 *! 1_ 

,,>_! (X? + X\ + X% + (x 4 + 1 + d) 2 ) 6 - d 4 • l '- i4j 

Combining (12TT2D - (|27Hj) yields 

J {{dhpjYfdx-^, (d^O), tor j = l,2,3, (2.15) 

thus J S 4 |(d/i p )~| 2 dx ~ ^r as d — > 0. 

Proo/ o/ f3j. 

The proof above just showed that there exists a positive constant C, independent of p, such 
that J B 4 \{dh p )~\ 2 dx = Cd(p* , <9P 4 ) -4 + o(d(p* , Si? 4 ) -4 ) as d — >• 0. Formally, the assertion in (3) 
follows from differentiating this equation with respect to p. The detailed calculation, although 
more involved than the one performed to prove (2), is conceptually the same. So, we omit the 
details. □ 

Next, we estimate the limit behavior of M(Aq,p) as p approaches <9P 4 : 

Lemma 2.2 Let M(A$,p) := (mij(Ao,p)), forp £ B 4 , be the matrix defined in the introduction, 
i.e., mij(Ao,p) = f B4 ((dA j)~ , (dh P: i)~) dx. Then mij(Ao,p) and its derivatives m% Q v ° 
(1 < k < A) remain bounded as p approaches the boundary. 

Proof: The harmonicity of gL4 • and Stokes theorem imply 

mij{AQ,p) = - L*{dA ■)- A L*(h p ,i) (2.16) 

JdBi 

where l* denotes the restriction to the boundary (the pull-back via the inclusion). For simplicity, 
we write (<L4g ,-) _ = aiiwT/ + a 2 oj2 + ct 3 uj^ and, with no loss of generality, consider the case 
i = 1. Writing t*h Pj i = j^ p -^(-(x 2 - p 2 )dx 1 + (x 1 - pi)dx 2 - (x 3 - p 3 )dx 4 + (x 4 - £4)^3) at 
dB , we have explicitly 

mij(A ,p) = / -j((a 2 (x)(xi - p x ) - a 3 (x)(x 2 - p 2 ) - a>i(x)(x4 - p±))dxi A dx 2 A dx 3 

+ (ai(x)(x 3 - p 3 ) + a 2 (x)(x 2 - p 2 ) + a 3 (x)(x\ - pi))dx\ A dx 2 A dx 4 
+ (-ai(x)(x 2 -p 2 ) + a 2 (x)(x 3 - p 3 ) + a 3 (x)(x 4 - p±))dxi A dx 3 A dx 4 
+ (ai(x)(xi -p\) - a 3 {x)(x 3 - p 3 ) + a 2 (x)(x 4: - Pi))dx 2 A dx 3 A dx±) 



•••+/ •••, (2.17) 

dB A C\\x-e\<& J dB 4 n\x-e\>8 

where e = p/\p\. 

As for the proof of Lemma 12.11 it is sufficient to consider the case p = (0, 0, 0,— 1 + d), 
and let d — > 0. Under this assumption, e = (0,0,0,-1) and the second integral is bounded 



as d — > 0, for any fixed 5 > 0. For small positive 5, the first integral can be rewritten as 
an integral over B 3 , 2 , via the coordinate transformation B 3 , B x' := (xi,x 2 ,x 3 ) •->■ 

(x' , — yl — |x'| 2 ) G 9U 4 n {|a; — e| < <5}. Since dx4 = 0(|x|), it is easy to see that all the 
integrals over dB 4 n {|x — e| < 5} in (|2.17p remain bounded as d — > 0, with the possible 
exception of 

/ 1 n({a 2 {x){x 1 -pi)-a 3 (x){x 2 -p 2 )-ai(x)(x i -p i ))dx 1 f\dx 2 f\dx 3 ) (2.18) 

JdBin\x-e\2<8 \x-Pr 

To check that the latter also remains bounded as d — > 0, we write (using Taylor's expansion) 

-j((a 2 (x)(x 1 -pi) -a 3 (x)(x 2 - p 2 ) -«i(x)(x 4 - pt))dx\ A dx 2 Adx 3 ) 

dB*n\x-e\ 2 <6 \ x -P\ 

(a 2 (x', —\J\ — |x'| 2 ):ei — a 3 (x' , —\J\ — |x'| 2 )x2 



|x'|2<52_ d 2 {\x'\ 2 + d 2 ) 
- ai (x',-y/l - \x'\ 2 )(- Vl - M 2 + 1 - d) da:' 

-— -5-— — ^p (a 2 (e)xi - a 3 (e)x 2 + dai(e)) dx' 

|x'|2<52-rf2 (|x'| 2 +d 2 ) 2 

\y|x'P«52-d2 (|x'| 2 + d 2 ) 2 / Vi|x'|2<52-d2 (|rE'| 2 + d 2 ) 2 

r 1 iff \ x '\ 2 

= dai{e) J ww-* (M 2 + d 2 ) 2 dx ' + ° vi.'|2 <52 _ d2 (M 2 + d 2 ) 2 dx ' 

+ °(7 Pi JxW ^VoW V^O). (2.19) 

\^|a : '|2<52_ d 2 (|x'| 2 +d^) 2 y 

Thus, mij(Ao,p) stays bounded as p approaches dB 4 . 

Next we differentiate (|2.16p with respect to pk, and obtain 

dm i Ao ' p) =-! w^r^(Wpr\ (2.20) 

dpk JdB± v dp k J 

With no loss of generality, we take k = 1. Again, the only troublesome contribution (as d — > 0) 
in (|2.20p could come from the integral over dB 4 n {|x — e| < 5} containing dxi A dx 2 A dx3. The 
term of — ^-(FJ , (dh Pl i)~) containing dx\ A dx 2 A dx 3 is 

- — (\x - p\~ 4 (a 2 (x)(xi -pi) - a 3 (x)(x 2 - p 2 ) - aAx)(x^ - p 4 ))dxi A dx 2 A dx 3 
dpi 

= 4\x -p\~ 6 (a 2 (x)(xi -pi) 2 - a 3 (x)(x\ - p\)(x 2 - p 2 ) - a\{x){x\ — pi){x& — pn))dx\ A dx 2 A dx 3 
— \x — p\~ a 2 (x)dx\ A dx 2 A dx 3 , 



and the corresponding integral over dB 4 n {\x — e\ < 5} is 
/ A — 

'|2'|2«52-d2 {\x'\ 2 +d 2 ) 



■/la'P^-d 2 (|x'| 2 +d 2 ) 3 



— a\(x' , — yl — |x'| 2 )xi(— \/l — jx'l 2 + 1 — cf) dxi A dx2 A dx3 



a 2 (x / ,- v / T^]x 7 |2) , 



\x>\*<8*-cP (\x'\ 2 + d 2 ) 2 

4a 2 (e)xf j i _ [ <Ja 3 (e)x 1 x 2 , f da 1 (e)x 1 , 



|x'|2 <5 2_ d 2 (\x'\ 2 +d 2 ) 3 " 7| a; ,|2 <5 2„ d 2 (l^'P+d 2 ) 3 ^ J\ x ,\2 <5 2_ d 2 (\ X '\ 2 + d 2 ) 

"2(e) dx +o( I k'l 4 dx / 

| x '|2 <( s2_ d 2 (|X| 2 + (i 2 ) 2 U|x'|2<52-d2 {\X'\ 2 + rf 2 ) 3 

-Of / ,. ^} 2 „,o dA+o( f -J^l—M 



if 

\J\x'\ 



\x'\ 2 <5 2 -d? (\x'\ 2 + d 2 ) 3 J \J\ x >\2<S 2 -cP i\x'\ 2 + d 2 ) 



f 7Tl£^L dx '- I n i? (e Lx2 dx ' + 0(d\ logd\) + O(l) (2.21) 

V|2 <(5 2_ d 2 (|^| 2 +d 2 ) 3 V|2< 5 2_ d 2 (|^| 2 +ci 2 ) 2 



4x? ^ = 1/ _M_ +0 (1) 



'|X'| 

and 



| :c /|2 <a2 _ d 2 (|x'| 2 + d 2 ) 3 " d 7 R 3 (|s'| 2 + l) 3 

L|2 <5 2_,2 (|*'| 2 + d 2 ) 2 ^ = 3 L (\X'\ 2 + 1) 2 ^ + 0(1) ' 



4 /" ^ |2 

) 3 ~ 3j R3 (\x'\ 2 + d 2 ) 3 ^ J R3 (\x'\ 2 + l) 2 

Thus, also the contribution of (I2.21J) remains bounded as d — >• 0. This completes the proof. □ 



Jk3 (jrc'l 2 + 1) 



3 Critical points for the function tm 

Let M be a given 3x3 real matrix. For R G 50(3), we define the function tm(R) = Tr(RM). 
In this section, we study the Morse theoretical properties of this function. These results will be 
applied (cf. Sections §5 — §8) to the matrix M(Aq,pq) (cf. (|2.2p ). for a fixed given boundary 
value Aq and a fixed given point po, and are a crucial ingredient in the proofs of Theorems 1-3 
(cf., in particular (|5.6j) ). The next two lemmas serve to characterize the set of critical points of 

TM- 

Lemma 3.1 R = Ro £ 50(3) is a critical point for tm if and only if RqM is symmetric. 

Proof: R = Rq £ 50(3) is a critical point if and only if dTM{Ro)(Q = 3jTM(exp(t^)i?o)|t=o = 
Tr(£RoM) = for all £ G so (3). Set B := RqM and denote by B + and B- the symmetric, and 
anti-symmetric parts of B, respectively, i.e., B+ = (B + B )/2 and B- = (B — B t )/2. Since 
Tr(££+) = for all £ G so(3), dr M (Ro) = is equivalent to Tr(£5_) = for all £ G so(3). 
Taking £ = 1?_, this implies S_ = 0. Therefore, Rq is critical if and only if B = 0, i.e., 
B = RqM is symmetric. □ 



Lemma 3.2 Assume detM ^ 0. There exists a one to one correspondence between the set of 
critical points of tm in SO (3) and the set of symmetric 3 x 3-matrix B with det B = det M and 
B 2 = M l M. 

Proof: Suppose R = Po G 50(3) is a critical point for tm- Set B = RqM. By Lemma 1331 B is 
symmetric. Moreover, since P G 50(3), one has det B = det M and B 2 = B l B = M t R\ j RoM = 
M l M. 

Conversely, suppose B is a symmetric matrix with det B = det M and B 2 = M l M. Define 
Ro := BM~ X . Then detPo = 1 and RqRq = 1, i.e., Rq G 50(3). Since RqM = B is symmetric, 
Ro is a critical point for tm by Lemma 13. 11 This completes the proof. □ 

In the following we assume det M ^ 0. See Remark 13.11 at the end of this section for the 
case det M = 0. By Lemma 13.21 the problem of finding critical points of tm is transformed into 
the problem of finding symmetric matrices B with det B = det M and B 2 = M l M. The latter 
is easily solved as follows: 

A symmetric matrix B is diagonalizable by an orthogonal matrix. So, there exists P G 0(3) 

Ai \ 
such that P~ 1 BP = I A2 , where the Aj's (1 < i < 3) are the eigenvalues of B with 

V A3/ 
I Ai| > IA2I > I A3 1 . We may assume P G 50(3) (otherwise, we take — P). 

Denote by fjL\ > 1x2 > /^3 > the eigenvalues of M t M [M l M is symmetric and positive). 

A? o\ 

The condition P 2 = M*M entails P A 2 . P" 1 = M*M, thus A? = //;, for i = 1,2,3, 

or, equivalently, A« = ±^/Jm. Since detP = A1A2A3, and detM = ±y / //i//2/-*3> the condition 
det M = det P yields the possibilities for the matrix B enlisted in the following lemma. Notice 
that, in all the different cases, the critical value corresponding to the critical point 

/Ai \ 
R := BM- 1 = P A 2 P^M' 1 
V A 3 / 

is given by Tr B = Ai + A2 + A3. 

Lemma 3.3 Let M be a given 3x3 real matrix, such that M l M has eigenvalues fi± > ^2 > 

/i3 > ; and let B a symmetric 3x3 real matrix, with detP = detM and B 2 = M t M. Then, 

Ai \ 
there exists P G 50(3) such that B = P I A2 I P _1 , where the possible A, 's are enlisted 

V A 3 / 
below: 

(1) If detM := +^/Jm]I2P3 > 0. In this case A1A2A3 > 0, and there are four possibilities: 

(a) Ai = y/jlx, A2 = ^/J^2, A 3 = y/jm, yielding the critical value yffxi + yT^ + yfjli, 
(?>,) Ai = y^/Zi, A2 = —^[Jh, A3 = — yT^i; yielding the critical value yZ/Jj" — ^/Ji2 — y 7 /^, 
(c) Ai = —y/JIi, A 2 = y^, A3 = —y/JIi, yielding the critical value -y/JIi + y 7 ^ - y 7 /^ 
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(d) \\ = —y/JIi, A2 = —y/JJ^2, A3 = yfjii, yielding the critical value — y^Tf — y/Ji2 + y/]Zi- 
(2) If det M := — a/JUiM2A*3 < 0. In this case A1A2A3 < 0, and there also are four possibilities: 

(a) Ai = yffli, A2 = \f\H, A3 = —y/JIz, yielding the critical value y^Tj" + • V //Z2 — y/T^i, 

(b) Ai = x/jul; A2 = —^/JH, A3 = y^, yielding the critical value Jfli — JJJI2 + y^; 
fcj Ai = --s/Jh, A 2 = y/ju-j, ^3 = SJMi, yielding the critical value -^/JIi + y7^2 + y^' 
fd) Ai = — y^Tf, A2 = — y 7 ^, A3 = — y^Ii, yielding the critical value — Jfi\ — *JJl2 — -JJIz- 

(Note that the list above gives all the possible critical values for tm, if detM 7^ 0.) 
We next study the non-degeneracy of all the critical points and calculate their Morse indexes, 
still in the hypothesis det M^O. 

To this purpose, we study the Hessian of tm at Rq := BM~ 1 . This is given by 

V 2 r M (Ro)(e, = ^T M (exp( S £ + t()R M)\ s=t=Q = ^Tr((£C + CQRqM) = Tr(^B) 

for £, (" G so (3), where in the last equality we have used the fact that RqM is symmetric. 

Let P £ 50(3) be as before. We represent V 2 7m(Po) with respect to the basis P&P -1 
/0 \ / 1\ 

(t = 1,2,3), with &=0 -1 ,&= ,6 = 

\0 1 / \-l 0/ 

An easy calculation shows that 

V 2 r M (i?o)(Pe^" 1 ,n^" 1 ) = Tr^p-iRP) = 0, l<i/j<3 

V 2 r A/ ( J Ro)(^i^ 1 ,^i J P" 1 ) = TrffiP^BP) = -A 2 - A 3 

WMORoXPkP-SPkP- 1 ) = Tr(£|p-iflP) = _ Al - A 3 

V 2 r(i? )(Pe3P- 1 ,P6P~ 1 ) = Tr^P-^P) = -Ai - A 2 



-A2-A3 

So, the Hessian V 2 tm(Po) is written as | — Ai — A3 

-A1-A2, 

From this, the Morse indexes of the critical points corresponding to all the possible cases, 

which we described in Lemma 13.31 are easily computed as stated in the following lemma. 
Lemma 3.4 Let M, B, tm be given as in the previous lemmas. 

(1) If detM := +y / /Ui7*2^3 > 0- I n the four different cases, (l)-(a), (b), (c), (d) of Lemma \3.3l 
the following assertions hold, respectively: 

(a) all the Xj 's are strictly positive, the Hessian is negative-definite, the critical points are 
non- degenerate with Morse index equal to 3, 

(b) -A1-A2 = -yT^I+v 7 /^ < 0, -A2-A3 = y7^2 + y^3 > 0, -A1-A3 = -y/W+y/JIE < 0, 
thus the critical points are non- degenerate if and only if m > ^2, in which case, they 
have Morse index equal to 2, 
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(c) -Ai-A 2 = sfWi-JWi > 0, -A2-A3 = -^/Jpi + ^fJMi< 0, -A1-A3 = ^uT + V/^3 > 0, 
thus the critical points are non- degenerate if and only if Hi > fJ-2 > fJ>3> in which case, 
they have Morse index equal to 1, 

(d) -Ai - A 2 = Vw + \//"2 > 0, -A 2 - A 3 = yjpi - yfp~i > 0, -Ai - A 3 = y/Jii - s/Jii > 0, 
thus the critical points are non- degenerate if and only if ^2 > H3, in which case, they 
have Morse index equal to 0; 



(2) ifdetM := — \/jIiil2fiz < 0. In the four different cases (2)-(a), (b), (c), (d) of Lemma W. 
the following assertions hold, respectively: 

(a) -A1-A2 = -y/Jii- xfiH < 0, -A2-A3 = -y/JI^+y/JI^ < 0, -A1-A3 = --y/juT+V^ < 
0, thus the critical points are non- degenerate if and only if ^2 > ^3; in which case, they 
have Morse index equal to 3, 

(b) -A1-A2 = -y/JIi + y/jJu < 0, -A2-A3 = yfpu-y/Jii > 0, -A1-A3 = ~ y/jli- y^ < 0, 
thus the critical points are non- degenerate if and only if \x\ > \X2 > (J>3, in which case, 
they have Morse index equal to 2, 

(C) -A1-A2 = y/Jil-y/JJ^, > 0, -A2-A3 = - X /Jl2-\/JJ^< 0, -A1-A3 = y/JH- x /jl3> 0, 

thus the critical points are non- degenerate if and only if \i\ > [12, in which case, they 
have Morse index equal to 1, 

(d) all Xi 's are strictly negative, and the Hessian is positive-definite, thus the corresponding 
critical points are non- degenerate, with Morse index equal to 0. 

We finally prove the following lemma. 

Lemma 3.5 For all the non- degenerate cases (described in Lemma \3.4\ ), there corresponds ex- 
actly one critical point for each critical value. 

Proof: Note that in the non-degenerate cases Aj + A-,- 7^ 0, Vi,j. We must show that for a given 
critical value (as listed in Lemma I3.3J) , there exists exactly one B satisfying det B = det M 

and B 2 = M t M. So suppose both of B and B' satisfy these two conditions. Then, there exist 

/Ai 0\ 

P,Q £ 50(3) such that P~ X BP = D and Q~ X B'Q = D', where D = A 2 and D' = 

V A 3 / 

'a; \ 

A' 2 I are diagonal matrices with |Ai| > |A 2 | > | A3 ] , and |A^| > |A 2 | > |A 3 |. By Lemma 
X'J 

31 D = D'. The condition B 2 = B' 2 = M l M implies PD 2 p- 1 = QD' 2 Q- 1 = QD 2 Q-\ thus 
CD 2 C~ 1 = D 2 , with C := Q~ l P G 50(3). Denoting by Cij the entries of C, we thus obtain 

(A? - X) )dj = , l<t,i<3. 

Since Aj + Xj ^ 0, for all i,j, in all the non-degenerate cases, this yields 

(Aj - Xj)cij = , 1 < i,j < 3 . 
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But this last condition is equivalent to CDC = D, thus B = B' , and the lemma is proved. □ 

Remark 3.1 If det M = 0, similar arguments show that the possible critical values for tm ar ^ : 
(a) y/JT[ + y^ui, (b) yfjli - JJxi, (c) -^/W + y/Jpi, and (d) -yJW - y/jfi. Moreover, for each 
critical value there corresponds exactly one critical point in the cases (a), (d), and, also, in the 
cases (b),(c), provided that yfjl\ 7^ yfjJsi- The corresponding critical point is non- degenerate if 
and only if \i\ > /U 2 > in the cases (a),(d), and if and only if [i\ > ^2 > in the cases (b),(c). 
The corresponding Morse indexes are 3 in the case (a), 2 in the case (b), 1 in the case (c), 
in the case (d). Thus, tm is a Morse function exactly when /xi > £t 2 > 0. In this case (and 
this is the only one we need in this paper), the above four values are in fact critical values for 
tm- Indeed, by the Ljusternik-Schnirelmann theory (see J2j and the proof of Theorem^), any 
function on SO{3) has at least four critical points, since the Ljusternik-Schnirelmann category 
of SO{3) =* MP 3 is 4 (see < L 9]). 

4 Asymptotic estimates of e (q) and J' e (q) 

In order to prove Theorems 1-3, we need the following lemmas which compare asymptotically, 
as e -> 0, the functional <J € (q) = e 2 ^M e (A(q) + a(q)) with the functional J e (q) = e 2 ^M e {A{q)), 
both defined on the parameter space 7 {do, Xq;D\, .D 2 ; e) (cf. (|1.2p - (|1.4p ). Since an estimate of 
J e (q) and of its derivative J' e {q) are given in §3.2 of [3], these lemmas yield estimates for 3 e (q) 
and its derivative 3' e (q). 

We recall that for connections A on the bundle P and one-forms a £ C°°{T*B (g> Ad(P)), the 
Lf-norm ||o[|a;1,2 is defined by 

||a|U;i,2 := ||VA £ a|| 2 + ||a[| 2 , (4.1) 

where || • || 2 is the L 2 -norm on P 4 . Observe that the space Lq 1 {T* B 4 ® Ad{P)) (the completion 
of Cq x {T*B 4 (g) Ad(P)) with respect to the norm above) is independent of the choice of the 
connection A. We also recall that the dual L^-norm of VyM e is defined by 

||VyM e (A)|U ;li2j * := sup{VyM e (A)(a) : a G L 2 0il {T*B* Ad(P)), ||a|U;i,2 < 1} • (4.2) 

Lemma 4.1 For q G CP(do, Ao;-£>i, -D 2 ;e)> there holds 

a £ (q) = Je(q) + r 3 (q), (4.3) 

where 1 7*3 (q ) | ;$ e 3 uniformly with respect to q. 

Proof: We have 

flefa) = e2 / l i? k(q)+a(q) e | 2 ^ 

JB 4 



, 2 



\F A(q) e \ 2 dx + e 2 f \d A{q) e a{q)\ 2 dx+ e - f \[a{q) , a{q)]\ 2 dx 
Jb 4 4 Jb 4 



B 4 

+2e 2 / (F A{q) e ,d A{q) e a(q))dx + e 3 {F A{q) e , [a{q) , a{q)}) dx + e 3 {d A{q) e a{q),[a{q),a{q)}) dx. 
Jb 4 Jb 4 Jb 4 

(4.4) 
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The first term on the right hand side of (|4.4p is J e (q). The remaining terms are easily estimated 
by Lemmas 3.2 and 3.9 in [JJ, and the Sobolev inequality: the second, third, fifth and sixth 
terms are bounded by Ce 3 for some C > depending only on do,Ao,-Di and L> 2 . The fourth 
term is estimated as 



e 2 



(F A ( q ) e ,d A ( q ) e a(q))dx 

B 4 - 



<e 2 ||VVM e (A(q))|U (q);li2i ,||a(q)|U (q);li2;B 4 



< A 



Combining all these estimates, (|4.3p follows easily. D 

The following lemma compares the derivative of 3 e (q) with the derivative of J e (q). We use 
the following notation: q«(q) for i = 1,...,8 are the vector fields constructed in [5] such that 
ttj(q) = A cti (q) (the directional derivative of A(q) in the direction of q«(q)). 

Lemma 4.2 The following holds: 

(3 , e (q),q l (q)) = (j;(q),q l (q))+r 4 , i (q), 

where |r4i(q)| < e 4 for 1 < i < 4 and |^"4,i(q) | ;$ e 7 ' 2 /or 5 < i < 8 uniformly with respect to 
qe?(d ,X ;D l ,D 2 ;e). 

Proof: One has 

(0' e (q),q f (q)) = e 2 (WM e (A(q) + a(q)), a 4 (q) + a qi (q)) 

= e 2 (VVM e (A(q)),a 4 (q))+e 2 (VVM e (^(q)),a qi (q)) 

+ e 2 (V 2 VM £ (A(q))a(q),a 4 (q))+e 2 (V 2 VM e (A(q))a(q),a qi (q)) 

+ e 2 ( J R(q; o(q)), a«(q)) + e 2 (R(q; o(q)), a q . (q)). (4.5) 

We estimate each terms in (|4.5p . The first term is (J^(q),qj(q)). By Lemmas 3.2 and 3.10 in 
[3], the second term is estimated as 

|6 2 <VyM £ (^(q)),a qi (q))|<e 2 ||VW 

< e 4 for 1 < i < 4; or < e 7/2 for 5 < i < 8. (4.6) 

By Lemmas 3.2, 3.7, 3.8, 3.9 in |2J, the third term is estimated as 

|6 2 (V 2 yM £ (^(q))a(q),a J (q))|<6 2 ||V 2 VM £ (A(q)) ai (q)|U (q);liV ||a(q)|U {q);li2;B 4 
< e 5 / 2 ||(V 2 yMe(^(q)) - V 2 VM e (i(q)))a 4 (q)|| A(q);1 , v + 6 5 / 2 ||V 2 VM £ (i(q))(a 4 (q) - 3i(q))\U m , 2 ,. 
<e 4 + e 5 / 2 ||a i (q)-a,(q)|U )(q);li2;B 4<e 4 for 1 < i < 4 ; or < e 7 / 2 for 5 < i < 8 . (4.7) 

By Lemmas 3.2, 3.9 and 3.10 in [3], the fourth term is estimated as 

|e 2 (V 2 VM e (A(q))a(q),a qi (q))| < e 2 ||a(q)|| A(q);li2;B 4||a qi (q)|U (q);1)2;B 4 
< e 4 for 1 < i < 4 ; or < e 7/2 for 5 < i < 8 , (4.8) 
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Similarly, by Lemmas 3.2, 3.3, 3.9 in [3j, the fifth term is estimated as 



2 



(R(q; o(q)), a,(q))| < e 2 (e||a(q)|li (q);1 , 2;B 4 + e 2 1| cx(q) ||^ (q);12;jB4 ) 

< e 4 for 1 < i < 8 , (4.9) 

and, by Lemmas 3.2, 3.3, 3.9, 3.10 in [3], the last term is estimated as 

|e 2 (i?(q;a(q)),a qi (q))| < e 2 (e||a(q) || 2 1(q) . 12 . jB4 + e 2 ||a(q)|ft (q);li2 . B 4)||a qi (q)|U (q);li2; B4 

<e 5 forl<i<8. (4.10) 

The Lemma follows from ()4.5p - (|4.10p . D 



By Proposition 3.1 in [4J and Lemma 3.2 in [5j, the leading term (J^(q),qj(q)) of equation fj4.3j) 
is estimated as 

<j;(q), qi (q)> = o 1 i(q)(jJ(q), ^) * e 7 / 2 Ci(q) , 

where Ci(q) is a constant depending only on q. 
Similarly, it follows that: 

(j;(q),q 4 (q))^e 7 / 2 Q(q) for 1 < i < 4, 

and 

(j;(q), qj (q))^e 3 Q(q) for 5 < i < 8, 

with Cj(q) depending only on q. 

5 Proof of Theorem 1 

We are now ready to prove the first of our existence theorems stated in [3J, which we state again 
here for the convenience of the reader. We recall that Theorems 1-3 can all be restated in terms 
of the Dirichlet problem for the S'C/(2)-Yang Mills functional with boundary value eA$ (cf. §1 
of this paper or §2.2 of [3]). 

Theorem 1 Let us define the function Gf(p) := (v^^+V^p^v 7 ^)) 2 ^ p g ^ and assume 
that po £ B A satisfies either of the following hypotheses (1),(2): 

(1) det M(^4o> Po) > and po is an isolated local maximum point ofGf(p); 

(2) detM(ylo)Po) < and p^ is an isolated local maximum point ofG^(p). 

Then, there exists €q > and a family of connections {A t } indexed by e £ (0, eo] with the 
following properties: A e is a solution to (D e ) in A+i(Ao); e 2 \FA e e \ 2 dx — > 8ir 2 Sp as e — )• in 
the sense of measures (i.e. eFA t e concentrates at po as e — >■ 0). 
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Proof: Case (1). We assume that po G B 4 is such that det M(Aq,Po) > 0, and is an isolated 
local maximum point for the function Gf. Thus, there exists 5 > such that B$(po) <s B , 
detM(Ao,p) > for all p G B$(po), and Gf(po) > G±(p) + for all p G Bs(po) \ {po}- From now 
on, we fix such 5 and restrict our choice of < D\ < D 2 as follows: 

°<*<kM (5 - i) 

D?F(p) - 2£>!r+(p) > ~G+( Po ), (5.2) 

2 QM < D2 , ( , 3) 

D 2 2 F(p) - 2Z) 2 r+(p) > -iG+(po), (5.4) 



for all p G B 5 (po), where T+(p) := v^i(4),p) + VS4ri + vWA),?)- Note that (JSHD, tfEl 
are both satisfied if D\ > is chosen suitably small, while (|5.3p . (|5.4p are both satisfied if -D2 is 
chosen suitably large, since F(p) > in B 4 (cf. (1) of Lemma l2.ip . 

We then choose do > such that B§(po) <s S 1 _ ( ^ (0). Under the assumptions above on Di, 
D2, do, we define T(po, S;do, Xo; D±,D 2 ; e), a subset of ?{do, Xo;D\,D 2 ; e), as follows: 

?{po,S;d ,Xo;D 1 ,D 2 ;e) = {{p,[g},X)E?(do,Xo;D 1 ,D 2 ;e):pEB s {p )}, 

Since q is a critical point for 3 e (q) if and only if -A(q) + a(q) is a Yang Mills connection 
(cf. Proposition 3.2 in [1]), we look for critical points of the function 3e in the interior of 
T(po,S;do,Xo;Di,D 2 ;e). Since the closure of y(po, S; d , X ; Di,D 2 ;e) in l J > (do, Xq; Dx, D 2 ; e) is 
compact, there exists a value of the parameter q m G ( ?(po, 5; do, Xq; Di, D 2 ;e) such that de attains 
its minimum in T(j>o, 5; do,Xo;D\,D 2 ; e) at q m . We show that q m G CP(po> <^ <^o> Ao; -Di, -D2; e) and 
that it is a critical point for 3e in 7{do, Xo; D±, D 2 ;e). 

To see this, set q = (J -jr^ ) e, [ffo],Poj 6 ?(p , 5; d , A ; D X ,D 2 ; e), where [50] G 50(3) is 
the maximum point of the function 

50(3) 9 [5] m. / ((dA )-, 5 (d/ ipo )- 5 - 1 ) dx. (5.5) 

JB 4 



Making the identification Im EI = IR 3 , the function ()5.5p can be rewritten as 

SO(3)3R^[ ((dA )-,R(dh P0 )-)dx= V %/ ((dA 0i )-,(d/ lpoJ )-)(ix = tr(i?M(^o,Po)), 
ifl 4 ,JT7^i Jb 4 



i<m<3 



(5.6) 



where M(.Ao,p) is the matrix defined in (|2.2j) . 
The results obtained in §3 for the case (l)-(a) yield 



L 



({dA 0i )-,go{dh p )- go -) dx = T+(p). (5.7) 

B 4 

By Lemma |4. II and by the asymptotic expansion in Proposition 3.1 in |3], one obtains 

3 e ( qo ) = C e -2^^-e 2 + r 5 (q) = C e -2Gi(po)e 2 + r 5te , with |r 5j£ | < e 3 , (5.8) 
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where C e = 8ir 2 + e 2 J B4 \Fa e \ 2 dx is a constant depending only on e. On the other hand, writing 
q m = (p m , [g m ], X m ), the results obtained in §3 for the case (l)-(a) yield 

3e(q m ) = C e + 2X 4 n F(p m ) - 4eX 2 m / {(dA )- , g m (dh Pm )- g^ 1 ) dx + r 6 , e 
> C e + 2A^F(p m ) - 4eX 2 m Tf(p m ) + r 6 , e > C e - 2e 2 G+(p m ) + r 6j£ , with |r 6 , e | < e 3 , (5.9) 

where we have used the fact that the function A i— > 2X 4 F{p m ) — AeX 2 Ff (p m ) has minimum value 

-2e 2 G+(p m ). 

Since 3e(qo) > 3e(q m ), from fj5.8j> . (|5.9j) we derive 

G+(p m ) > G+Cpq) + e- 2 (r 6j£ - r 5 , e ). (5.10) 

Setting 7 := min peaB ^ po )(G^(po) - Gf(p)), by (|5.10[) we would have 

< 7 < e- 2 (r 5 , e - r 6>e ) 

if p m E dBg(po). But this is a contradiction for small e > 0, since |e _2 (r6 j(! — ^5,e)| ^$ e. Thus, 

Pm G -B 5 (p )- 

To prove -Die < A m < Z^e, suppose first that A 2 ^ = Die. In this case, by ()5.2|) . (J5.8J) . one 
has, for small positive e, 

e (q m ) = C e + 2X 4 m F(p m ) - AeX 2 m / ((^ )-, 9m (d/i Pm )- 5m 1 ) dx + r 6j€ 

Jb 4 

> C £ + 2X 4 m F( Pm ) - AeX 2 m Tf(p m ) + r 6 , e 

> C e + 2e 2 (D 2 F(p m ) - 2D 1 T+( Pm )) + r 6 , e > C £ - e 2 G+(p ) + r 6 , e > £ (q O ) • (5.11) 

This contradicts the minimality of q m . Thus, we have D±e < A 2 ^. A similar argument shows 
that A 2 ^ < D2e, for small e > 0. 

Summing up, for small e > 0, one has that q m E 1P(po,5;dQ, Ao; Z?i, D% e) and is a critical 
point of e in CP(cZo, Ao! ^i> -^2! e)- Therefore, by Proposition 3.2 in [2], ^4 e := A(q m ) + a(q m ) is a 
solution to the Dirichlet problem (T> e ). Moreover, our construction yields e 2 |i ?1 J 4 e £ | 2 dx — > 8ir 2 5 Po 
in the sense of Radon measures, as e — > 0. This completes the proof of case (1) of Theorem 1. 
Case (2). The proof of case (2) is quite similar to the one just given. The only difference is that 
the maximum value for the function (|5.5p is F~[(p) := y / fii(Ao,p) + y//J,2(Ao,p) — y/fi3(Ao,p) 
(cf. (2)-(a) in §3). □ 

6 Proof of Theorem [2] 

In this section we prove the second of our existence theorems, i.e., the following 



Theorem 2 Let us define the functions Gf(p) := i^lMz^Ml^Ml ■ 

(-\/Mi(p)+\/M2(p)+-y/M3(p)) 2 , f^Q/s (\/Mi(p)+\/M2(p)) 2 , n 0(\ (\/mi(p)-a/m2(p)) 2 



w 



G 3 XP) ■- F(i) ' G iW •- FP ' G 2W ■" fW 

Assume that po E B 4 satisfies one of the following conditions (l)-(a),(b), (2)-(a),(b),(c), (3)- 
(a),(b): 
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(1) det M(A ,p ) > and 

(a) po is a non- degenerate critical point ofGf(p), or 

(b) y / ' [Ii(Aq,pq) > ^^(AojPq) + ^fi^(Ao,po) and po is a non- degenerate critical point of 
Gt(p); 

(2) det M(A),p ) < and 

(a) ^(AbPo) > ^3(AbR>) and po is a non- degenerate critical point ofG^lp), or 

(b) /j,i(Aq,po) > H2(Ao,po) > fJ-3{Ao,po) andpo is a non- degenerate critical point ofG^ip), 
or 



(c) m(A ,po) > fi 2 (Ao,po), y/fj,i(A ,p ) < y/n2(A Q ,po) + \/M3(A),Po) andpo is a non- 
degenerate critical point ofG^(p); 

(3) detM(A ,po) = and 

(a) 112(0*0, Po) > and po is a non- degenerate critical point ofG\{p), or 

(b) ^i{Ao-,po) > H2(Ao,po) > and po is a non- degenerate critical point ofG^ip)- 

Then, there exists eo > and a family of connections {A € } indexed by e G (0, eo] with the 
following properties: A e is a solution to (2) e ) in A+i(Aq); e 2 \FA € e \ 2 dx — > 8tt 2 5 Po as e — > in 
the sense of measures (i.e. eF^ concentrates at po as e —> 0). 

Proof: Since the different cases can all be proved by very similar arguments, we only show the 

proof for the case (l)-(b). 

Case (l)-(b): Let po G B A satisfy the hypotheses in (l)-(b). By Lemma I4~2| (3' e (q),qi) = 

(j;(q),qi)+r 4 ,i(q) = a 1 i(q)|^(q)+r 4 ,i(q). Since a u (q) ~ e 3 / 2 (cf. Lemma 3.2 in [5]), |r 4 ,i(q)| < 

e 4 , and J' e (q) = 3"^(q)+r2(q) (cf. Proposition 3.1 in [4J), the condition (#' e (q), qi) = is equivalent 

to 

(93" 

^(q)+r 7 ,i(q)=0, with |r 7 ,i(q)| < e 5 / 2 . (6.1) 

More in general, by the same arguments, (# e (q), qi) = for i = 1, ..., 8, or equivalently d' e (q) = 0) 
is equivalent to the system 

— -(q) + r 7 ,i(q) = with |r 7 ,*(q)| < e 5/2 for 1 < i < 4, 

OPi 






82, 



(q) + r 7ii+4 (q) = with |r 7 , i+4 (q)| < e 5 / 2 for 5 < i < 7, 



. A (q)+r r , 8 (q) = with |r 7 , 8 (q)| < e 2 . (6.2) 

We shall find a solution q = (p, [g], A) to (|6.2p . which satisfies the following conditions: 
(i) p is in some small neighborhood of pq. 
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(ii) [g] = exp£[#2 (p)]> £ G so(3) with small |£|, where [^(p)] G 50(3) is a critical point for 
the function 

50(3) 3[g}^ [ ((dA )-, 5 ((i/ lp )- 5 - 1 ) dx , (6.3) 

with critical value T^(A ,p) := y/fii(A ,p)- vWA),p) - vWAhP) (cf- (l)-(b) in §3). 
(Note that, under our hypotheses, r^~(^4o,p) > for all p near po). 



(hi) A = Aj (p)(l + ??), where \i]\ is small and Aj (p) = (e — ppr 

(Note that, by (ii) and Lemma 12.11 (1), Aj^(p) is well-defined if p is close to po). 

We first rewrite the first equation in (|6.2p . Directly from the definitions above of [g£ (p)] and 
A^~(p), it follows that 

UP, b 2 + (p)], A+(p)) = -2e 2 G+(p). (6.4) 

For p near po, in the case under consideration one has detM(Ao,p) > 0, r^(^4o>p) > and 
Hi(Ao,p) > p2(A)>p) > 0- Thus, the critical point [g^ (p)] is a non-degenerate critical point for 
the function (|6.3h and, by the implicit function theorem, p \— > [g^ (p)] is differentiable near po 
(cf. §3 (l)-(b)). From (J63D, it follows 

Fit P)C + 

^-£(p,[ 5 +(p)],A+(p)) = -26 2 ^(p). (6.5) 

For q = q(p, £,??) := (p, exp^g^ (p)], A^(p)(l + ??)), the Taylor's formula yields 

-gjh(p,£,ri)) = q£(p, [92 (P% A+(p)) + r 8)i (p,e,r/) with |r 8)i (p,£,T7)| < e 2 (|£| + M). (6.6) 
By (|6.5p . (|6.6p . one can rewrite the first equation in (|6.2p for q = q(p, £,r/) as 

- S - 2 -(p)=r 9 ,i(p,^»7;e) with|r 9ii (p,e,r/;e)| < |£| + |r?| + e 1/2 - (6.7) 

dpi 

Also, by Taylor's formula, 

J— 1 

4 <9 2 G + 
= E a a 2 (Po)(Pj - (Po)i) + rio,t(p) with |rio,i(p)| < \p - Po\ 2 ■ (6.8) 

j=l °Pi°Pj 

By hypothesis, po is a non-degenerate critical point for G^ , thus, by (|6.7|) . (|6.8p . we may rewrite 
the first equation of the system ()6.2p as 

p-Po = ti(p,C,?y;e) with |ti(p,C,»?;e)| < |p-Po| 2 + l£l + M +e 1/2 . (6.9) 

We next rewrite the second equation in (|6.2p . 
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We denote by G(p, [g]) the function (|6.3j) . Since Qfj \ g ] ) (Pi [d], A) = — 4eA 2 gwj r i s (p, [g]), we have 



^ + . ^2/ 1 , x2 5G 



-KP,LV)) = -4e\t(py(l + v) \, n iA p^ x P^9I(p)}) 



%([»]) v ^ ,s "" 2 ^ V " %([»]) 



= - AeXt(p?{l + r,) 2 (^^ (p, [^(p)]) + 5 ^^_ (p, ^(p)])fc + r 10 , +4 (p, 

= - 4eA+(p) 2 (l + ^) 2 ( g et( J)^. ([g]) (P» [g 2 + (p)])^ + no,i(p, 0) with |r 10)i (p,OI < iCl 2 - 

(6.10) 

We now assume |?y| < 1/2. Then, by the non-degeneracy of the critical point [<7j(p)] an d 
\~2 (p) — e 1 ' 2 for p near po, the second equation in (|6.2|) can be rewritten as 

^ = r 2 (p,e,r?;e), with \t 2 (p,^m e)\ < |£| 2 + e 1/2 . (6.11) 



Finally, we rewrite the third equation in (|6.2p . 
By fj (p, b], A) = 4A 3 F(p) - 4eAG(p, [#]), one obtains 

-o£h(p,£,v)) = 4A+(p)(l + 7?) 3 F(p) - 4eA+(p)(l + r ? )G(p,e X peb 2 + (p)]) 
= 4A+ (p) 3 F(p) - 4eA+ (p)G(p, [ 5 +(p)]) + 12A+ (p) 3 r/F(p) - 4eA+ (p)r?G(p, [ 5 +(p)]) + r Wfi (p,S,ri) 
= (12A+(p) 3 F(p)-4eA+(p)G(p,[ 5 +(p)]))7 ? + r 10 , 8 (p,^»7) 
= 8A+(p)er+(^ ,p)r ? + rio j8 (p,^?7) with |r 10 , 8 (p,e^)| < e 3 / 2 (|e| 2 + h| 2 ). 

From this, it follows that the last equation in (|6.2p is equivalent to 

r? = r 3 (p,C,r?;e) with |t 3 (p,£,7/)| < |£| 2 + |r?| 2 + e 1 / 2 . (6.12) 

We now solve the system given by the equations (16. 9p . (|6.1ip . (|6.12p (equivalent to the system 
(|6.2p ). for small positive e and within the set of parameters 



M e := {(p,tv) e £ 4 xso(3) x (-1/2,1/2) : |p-p | < e l '\ |£| < e 1 / 4 , \ V \ < e l ' A }. 

To this purpose, for (p, £,77) G M € , < i < 1, we define the vector function 

/ P~Po\ / ti(p,£,7/;e) 

\ V J \ c 3(p,^,r?;e) 

For pGS 4 with |p - p | = e 1 / 8 , £ G SO (3) with |£| < e 1 / 4 and f)£l with |r?| < e 1/4 , from (jBH 
it follows 

b-po| =e 1/8 > |n(^,e,77;e)l • (6.13) 

Similarly, for £ G S0(3) with |£| = e 1 ' 4 , p £ B 4 with |p — po| < e 1 ' 8 and 77 G R with |r/| < e 1 ' 4 , 
from (|6.11|) it follows 

|e|=e 1 / 4 >|t 2 (p,e, 775 6)1 (6.14) 
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while, for n G R with e 1//4 = \rj\, p G B A with |p — p$\ < e 1//8 and £ G so(3) with |£| < e 1//4 , the 
inequality ()6.12j) yields 

M = e 1 / 4 >|t 3 (p > e,»7;€)|. (6.15) 

Thus, from (|B15|> -(|B15 j >. it follows that H t (p,£,r];e) / for (p,£,r)) G <9M e and < * < 1. 
Assume by contradiction that Hi(p, £,77; e) 7^ for all (p, £,77) G M e . Under this hypothesis, the 
function -r^r : M e = i? 8 — >• S 7 would be well-defined and continuous, hence homotopically trivial 
when restricted to dM € . On the other hand, the well-defined maps t^A : dM e = S 7 — > S 7 , for 
< t < 1, give a homotopy between t^A and t^t. Since jjf-t : dM e = S 7 — > S 7 is obviously 
homotopically non-trivial (in fact, its topological degree is 1), we have a contradiction. Thus, 
there exists (j>,£,,rj) G M e such that .ffi(p, £,r/; e) = 0, i.e., a solution of the system given by 
the equations (|6.9p . (|6.1ip . (|6.12p . Since this solution satisfies \p — po\ < e 1 ' 8 — > as e — > 0, it 
concentrates at po as e — > 0. This completes the proof of Theorem 2. □ 

7 Proof of Theorem 3 

The third and final existence theorem is the following. 

Theorem 3 Assume that there exists po G B 4 such that one of the following holds: 

(1) det M(A ,p ) > 0, m(A ,p ) > ^(AbPo) > /-^(AbPo) and y/ni(A ,p ) > yWAbPo) + 
y/H3{Ao,Po); 

(2) detM(^ ,Po) < and /J,i(A ,p ) > p 2 (A),Po) > MA), Po); 

(3) det M(A ,p ) = and Ml(A),Po) > /i 2 (A),Po) > 0; 

then, for all sufficiently small e > 0, there exist at least two distinct solutions to (T) t ) inA+i(Ao). 
Furthermore, the following alternative holds: there exists at least one non-minimizing solu- 
tion, or there exist infinitely many minimizing solutions. In the hypotheses (2), if in addition 
y 7 fii(Ao,po) < vT^lAhPo) + v/^C^OiPo)) then there exist at least three distinct solutions, of 
which at least two non-minimizing, or there exist infinitely many minimizing solutions to (2) e ) 
inA + i(A ). 

In order to prove Theorem [3] we need to prove Lemma 17.11 which enables us to apply the 
standard critical point theory (by showing that a subset of the parameter space, namely the set 
^Ce-Coe (^ 0) £) 1; 2} 2 ) defined below, is invariant under the negative gradient flow of 3e), Lemma 
17.21 and Corollary 17. 11 where the topological properties of 3e~ (do,Di,D2) are studied. 
To this purpose, let C e := 8tt 2 + f B4 \F_a e \ 2 dx be the constant in (|5.8j) . and let us define 

3^- Co€2 (d ,D 1 ,D 2 ) = {q = (p, [g],X) G B^ do x SO (3) x (y/oTe, \[D^) : J e (q) < C e - C e 2 } . 

(7.1) 
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Lemma 7.1 Let Cq be any given positive constant. There exist < do < 1, < D± < D 2 and 

€q > such that the following properties hold for all e satisfying < e < eo-' 

(ir^'Fi) >0 < Mqe3 £ C£ - Co£2 (<io,A,D 2 ),pe95i-d , (7.2) 

\ op \p\ 1 

|£(q)<0, for qe3^- Coe2 (d , D U D 2 ), A = y/D^, (7.3) 

^(q)>0, /or qGaf £ - Coe2 (do, D U D 2 ), \=^Lh~e. (7.4) 

Proof: By Lemma |4. II and Proposition 3.1 in |3], 

C e + J £ (q) + n(q) + r 3 (q) < C £ - C e 2 , 

for q e 0>(do, A ; £>i,£> 2 ; e) with £ (q) < C e - C e 2 . 

Since |ri(q)| < e 3 and | r"3 (q ) | < e 3 , there exists e(do,Di, D 2 ) > (depending on do, D\ and 
D 2 ) such that 

W < "^ (7-5) 

for < e < e(do,D u D 2 ) and q € 0? E - C ° e2 (o! o , #1, #2). 

From (1) of Lemma l2~7l| -4eA 2 G(p, [5]) < 3" e (q) and from (1731) it follows that 

G(p,[g})>^e\- 2 (7.6) 

for q = (p, [g],X] G 0^-^ 2 (o! o , Di, D 2 ), if < e < e(d ,D 1 ,D 2 ). 

On the other hand, by (3) of Lemma |2. II and Lemma 12.21 one nas 

^(q) = 2X^(p) - Ae\^(p, [g]) > C 2 D^^ - 4e*D 2 C 3 
dpi dpi dpi o!g \p\ 

for q G gCc- c o e (d Q} Di,D 2 ) with p G dB\^d for some absolute constants C 2 , C3 > 0. 
This inequality implies 

(^n)^ 2Z ^ 2 i- 4e2 ^ C3 - ( 7 - 7 ) 

\ Op \p\ I dg 

From Proposition 3.1 in [3], Lemma 14.21 and Lemma 3.2 in [5] (cf. also the proof of Theorem [2] 
in the previous section), one obtains 

-^(q) = -^(q)+r 1M (q), |r n ,(q)| < e 5 / 2 (1 < i < 4) (7.8) 

dpi dpj 



and, combining (|7.7p . (|7.8p . 

for q G 3^- Cot2 (d ,D 1 ,D 2 ) with p G SBi-d,,, where |r 12 (q)| < e 5 / 2 . 
We next estimate ^f (q) = 8A 3 F(p) - 8eAG(p, [0]). 



21 



(7.9) 



From (17.61). one obtains 



^(q) = 8^DTe(D 1 eF(p) - eG(p, [g])) < Sy/DTefaeFip) - ||e) , (7.10) 

for q G S^- Coe \d ,D 1 ,D 2 ), A = ^D^e. 
Similarly, by Lemma |2.2| 



^(q) > 8 V r D^e(D 2 eF(p) - C A e) (7.11) 

for q G gCe-C e (^ 0) _d 1; _d 2 ) ) \ = y/D 2 e, for some absolute constant C4 > 0. 

We now observe that, by (1), (2) of Lemma [27TT there exists an absolute constant C5 > 
such that F(p) > C$ for all p G B 4 . To complete the proof, we choose D 2 > such that 
D 2 C§ — C4 > ~y (take for example D 2 = -^A - notice that this is independent of do), and 
D\ = DcIq, where the absolute constant D > is chosen to satisfy 

^w-dsr'isaa fcraU " eB '-*.' <" 2 > 

i.e., D 2 (1qF(p) < jjt holds for all p G i?i-d . (By (2) of Lemma l2"7T] one can easily see that such 

constant D exists). 

Furthermore, we choose < do < 1 so that 

C 2 D 2 ^- - 4D 2 C 3 > 2. (7.13) 

«o 

By ([7T9|) . there exists < e < e(d , D 1 , D 2 ) such that for < e < e and q G Sf e ~ Coe2 (do,Di, D 2 ), 
p G dB\_d , one has 

<w> a2£2+ - (q)>a <" 4 » 

From (|7.10p . (|7.12p . Proposition 3.1 in [3], and Lemma [4.21 (cf. also the proof of Theorem 2), we 
also have 

||(q) = ^(q) + ri3(q) < -^-^-e 3/2 + r 13 (q) < 0, (with |r 13 (q)| < e 2 ) , (7.15) 

for < e < eo and q G flC e -C e (do,D\,D 2 ), with A = \/Die, if eo > is chosen suitably small. 
Similarly, by (|7.1ip . 

(9/1 r)T 

^(q) = -^(q) + ri 3 (q) > 4v^D 2 C 4 e 3 / 2 + r 13 (q) > 0, with A = y 7 ^ (7.16) 

for < e < eo an d q G g^~ c o e (<i ,-Di, D 2 ), if eo > is chosen suitably small. The proof now 
follows from (I7T41 - (|TT6]l . D 

As a consequence of Lemma I7.1J, the set jC^-Coe (do,Di,D 2 ) is invariant under the negative 
gradient flow of Se, i-e., the solution of the differential equation -^- = — 3' e (q(i)) stays in 
fiC c -C e ^^ D\,D 2 ) for all £ > 0. Therefore, one can apply the standard critical point theory 
(see PQ, [8], [9]) to the function 3 e restricted on 3f E - c ° e2 (a!o,£>i, D 2 ). 
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The number of critical points of 3e on g^e-Coe ^^ JDi, U2) depends on the topological com- 
plexity of ^-CV (cj 0) £) 1) £) 2 ). To study the topological properties of this set, we consider the 
function Cr(p, [g]) = J B 4,(F^ ,g(dh p )~g~ 1 ^, and for po £ B 4 , r\ > 0, we take the following subset 
of 50(3): 

S(Po,»j) = {[9] 6 50(3) : -G(p , [g]) < -77} . (7.17) 

We recall the following topological notion (see [I], [8], [9] for more details): let X be a 
topological space. The Ljusternik-Schnirelman category (LS-category in short) of a closed subset 
A C X with respect to X, denoted by cat(A, X), is defined as the least integer k such that 
A C A\ U • • • U A]c, where the A^s (for i = 1, 2, . . . , k) are closed and contractible in X. 
We have the following: 

Lemma 7.2 Assume that there exists po £ B 4 such that /Ji(A))Po) > /-^(AbPo) > /-^(AbPo)- 
Then there exists ij > suc/i £/za£ the following holds: 



(1) If po satisfies detM(^ ,Po) > and x/miC^Po) > ^2(^0,^0) + x/^^o^o), then 
ca*(S(p ,r/),5O(3))>2. 

(2) If po satisfies det M(Aq,po) < 0, then cat(S(po,r]),SO(3)) > 2. If in addition po satisfies 
VJiiiAhPoj < V^{Ao,po) + V^3po7po), ^en cat(S(p , rf), 50(3)) > 3. 

Proof: The proof follows from Morse theory (cf. [7J). If /Ji(-Ao)Po) > /-^(AhPo) > M3(A)>Po)j 
the function G(po, •) on 50(3) is a Morse function with four critical points, with Morse indexes 
equal to 3, 2, 1, and (cf. §3). By Morse theory, this yields a cell decomposition of 50(3) as 
follows 

5O(3)^e Ue 1 Ue 2 Ue 3 , (7.18) 

where e l (i = 0, 1, 2, 3) is a cell of dimension i. We examine the two cases separately. 

(l)detM(A ,po)>0, y/iJtjjA^po) > vW^o.Po) + vW4),Po)- 
In this case, two of the critical points of the function G(po, •) on SO (3) assume positive critical 
values, namely y/m(A ,po) + vWAhPo) + yWAbPo) and yWAbPo) - yWAbPo) - 
Y/U3(A)7po), with Morse indexes 3 and 2, respectively (cf. (1) of §3). Set r\ = \{\/ Hi{Ao,po) — 
\J ^2{Ao,Po) — ylMi(A(hPo)) ■ By Morse theory, S(po, 77) is homotopically equivalent to e°Ue 1 , we 
write S(po,n) = e° U e . (This is meant with respect to the cell decomposition 'dual' to (|7.18p ). 
Since H\{SO{3); r L2) — ^2 is generated by the cell e , §(po,n) C 50(3) is not contractible. This 
yields cat(S(p ,?7),5O(3)) > 2. 

(2)detM(A ,po)<0. 
In this case, at least two of the critical points of the function G(po,-) on 50(3) assume 
positive critical values, namely y//J,i(Ao,p ) + y^JJ^iAhPo) - x/MAbPo) and ^//^(AhPo) - 
V/"2(A)7po) + vA^C^OjPo)- Setting 77 = yT^A^po), one can show by the same argument as in 
the previous case, that the set S(po, rf) is not contractible in 50(3) and cat(S(po, 77), 50(3)) > 2. 
In the additional hypothesis yj H\(A$ ,po) < v^sC^OiPo) + Va^sC^po), three of the critical 
points of G(po, •) on 50(3) assume positive critical values, namely -\/ni{Ao,po) + -y/A^CAjiPo) ~~ 
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y/H3(Ao,po), \ZfJ,i(Ao,p ) - vWA),Po) + \J P>3{Aq,pq) and -y/fii(A ,p ) + y/lMA^poj + 
vWA),Po)- Set 77 = ±(-y//j,i(Ao,po) + yWAbPo) + yWA), Po))- By Morse theory, 
SipoiV) — e° U e 1 U e 2 (homotopically equivalent with respect to the cell decomposition dual to 
(|7.18p ). By contradiction, assume cat(§(po,rj), SO (3)) < 2. By Morse theory, 50(3) is obtained 
by attaching the 3-cell e 3 , in correspondence with the maximum of —G(po, •) and which is con- 
tracture in 50(3), to S{po,rj). Thus, one would also have cat (50(3), 50(3)) < 3. On the other 
hand, cat(50(3),50(3)) > cuplength#*(50(3);Z 2 ) + 1 = 4, where cuplengthil*(50(3); Z 2 ) is 
the cuplength of the cohomology ring #*(50(3);Z 2 ) = Z 2 [a]/(a 4 ), where dega = 1 (cf. [I], [8]). 
This yields a contradiction. Thus, cat(§(po,n), 50(3)) > 3. 

This completes the proof. □ 

Associated with the set S(po,rj), we define the set 

S(po, v) ■= {Po} x S(po, rj) x {A } C B x _ do x 50(3) x (y/r&, yfL\e) , (7.19) 



where A := ( j^ 



1/2 



The following is a corollary of Lemma 17.21 



Corollary 7.1 In the hypotheses of Lemma 7.2, the following assertions hold for the cases (1) 
and (2), respectively: 



(1) cat(S(p ,r]),B^ do x 50(3) x (y/D^,y/D&)) > 2. 



(2) cat(§(pQ,r]),Bi_ ( i x 50(3) x (^D\e, \/D^e)) > 2. Moreover, if po satisfies the additional 
hypothesis y/fJ,i(A Q ,p ) < y^CAbPo) + ^fjL 3 (A Q ,po), then 



ca 



t(S(p ,v),Bi-ck x SO(3) x (y/Die, y/D^e)) > 3. 



Proof: (1) Assume, by contradiction, that S(poi v) ^ e contractible in -Bi-d x50(3) x {\/L\e, y/D^e). 
Then there exists h : [0,1] x S(p ,ri) — > B 1 _ do x 50(3) x {y/D\e, y/D 2 e) such that h(0, •) = Z, 
where I is the inclusion I : S{po,rj) "-^ Bi_ do x 50(3) x {y/D\e, \JD 2 e), and h(l, •) := const. We 
define the map H as the following composition of maps 

H : [0, 1] x S0 0! r?) ^ [0, 1] x §(p , v ) A B 1 _ d0 x 50(3) x (^L\~e, sfL\e) ^ 50(3), 

where the first inclusion is given by (t, [g]) 1— > (t, (po, [g],Xo)) and pr 2 is the projection on the 
second factor. The map H satisfies H(0, ■) = 1, where 1 : §(po,r]) <->• 50(3), and H(l, •) := const, 
yielding a contradiction since S(po,n) is not contractible in 50(3). 

(2) The first part of the statement is proved as in (1). We need to prove the second part. 
By contradiction, assume that, in the given additional hypothesis, cat(S(j>0; f])i Bi—do x SO (3) x 
(y/Di€, \/D 2 e)) = 2. Then there exist contractible closed sets Ai,A 2 C -E>i-d„ X 50(3) x 
{\JD\e, \fD 2 e) such that §(po, rj) C AiLi A 2 . Let us take the projection pr x 3 : Bi_ do x 50(3) x 
{y/D^e^y/D^) -> B^ do x {y/L\e,y/Lhe), and define A x := pr7jj({(po, A )}) n k\ and A 2 := 
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pr x l({(po, Ao)}) n J12. Under the natural identification 50(3) = {po} X 50(3) x {Ao}, -Ai and 
A2 are closed subsets of 50(3) and §(po,r]) ciiU A 2 . Moreover, the composition of maps 

[0, 1]xAiH [0, l]xiA S!_ do x 50(3) x (y/oTe, /d^) ^4 50(3), 



with hi : [0,1] x A\ — > i?i_rf x 50(3) x (-\JDie,^/D 2 e) satisfying hi(0,-) = l\ (where l\ : 
Ai <^-> Bi^do x 50(3) x (y/Die, y/D 2 e) is the inclusion), and /ii(l,-) := const, shows that Ai is 
contractible in 50(3). Similarly, ^2 is contractible in 50(3). This yields cat(§(po,rj), 50(3)) < 
2, thus a contradiction. This completes the proof. □ 



We are now ready to prove Theorem 3 
Proof of Theoi 
for all small e > 



2 

Proof of Theorem 3: Let 77 > be as in Lemma 17.21 We first show that for Cq = J} ■, and 



Hp ,v)c3^- Coe2 (d ,Di,D 2 ). (7.20) 

In fact, for (p , [5], A ) G §>{Po,r]), 

2 
?e(po, [fl], Ao) = 2A 1 F(p ) - 4eA 2 G(Po, [<?]) < 2X 4 F(p ) - 4eA 2 r/ < ~ 2 ^-^^- 

From Proposition 3.1 in [4 J and Lemma 14. II it follows that 

0e(po,b],A o ) = C e + 23 r e (po, [s],A ) +ri(p , [ff],A ) + r 3 (p ,[g},X ) 

2 2 

< O e - 2-^— e 2 + nip , [g],\o) + r 3 (p , M, Ao) < O e - -^— e 2 (7.21) 

if e > is small enough. 

By Corollary 17-H we see that in all the different cases in Theorem 3, the set 

%2 := {compact sets A C Bi_d x 50(3) x {^J Die, y/D 2 e) : 

cat(A,Bi_ do x 50(3) x (y^,^) > 2} 

is non-empty (in fact, §{po,r}) G X2). 

Let 

c 2 := inf {max0 e (q) : q G A}. 
Ae3C 2 

Then by (^201) . 

c 2 < C e - C e 2 . (7.22) 

Combining ()7.22j) with Lemma l7.lt standard arguments show that c 2 is a critical value for 
3e- By contradiction, assume not. Then, by flowing along the negative gradient of 3 e , one sees 
that there exists a 6, < 5 < Ooe 2 , and a deformation B of de~ (i- e -i ® = $(L ")> f° r some 
continuous 6* : [0, 1] x ^e-Coe 2 _;. gCe-C <? with 5/(0, •) = Id) which satisfies 

&(d? +s ) C d?~ S . (7.23) 

Take A <E X 2 such that max qe A# e (q) < C2 + 5. Since 0(A) G X2 (cf. [9]) and maXq e e(x) 3e(q) < 
c 2 — 5 by (J7.23J1 , this contradicts the definition of c 2 . Thus C2 is a critical value of 3e ■ 
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Furthermore, by Lemma 17. 11 



Cl := min{0 e (q) : q G B^ x 50(3) x (VA^, V^e)} 



is also a critical value of 8e 



If ci < c 2 , there are at least two critical points of 3 e on i?i-d x 50(3) x {^/D\e, y/Dze), and 
at least one of them is a non- minimal critical point. If instead c\ = c 2 , then the LS-category of 
the critical set 



S(ci) := {g G Bi-^ X 50(3) x (y^e, V^e) : ^(q) = 0, 3 e (q) = ci} 

is at least 2 (see [9]), hence, #C(ci) = +oo. If, furthermore, ci = inf^g^ (^e^M^-A), there 
are infinitely many minimizing solutions in A+\{Aq). Otherwise, i.e., if ci > inf a&a +1 (A ) e 2 yM e (.A), 
there are infinitely many non-minimal critical points. This complete the proof, except for the 
second statement in (2). 

To prove the latter, we consider the set 



X 3 := {compact sets A C Bi_ do x SO (3) x (/%, \J D 2 e) 



cat(A£i-d x SO(3) x (y/Die,y/D2e) > 3}, 
which again is non-empty by Corollary 17.11 and define 

c 3 := inf {max^e(q) : q £ A} < C e - O e 2 , 

AeX :i 

which is a critical value for 3t- We may assume c\ < c 2 (if c\ = c 2 , we have already showed that 
there are infinitely many solutions). If also c 2 < C3, then there are at least two non-minimizing 



solutions. If c 2 = C3, again, the LS-category of Q(c 2 ) = {q 6 ^i-d x 50(3) x (i/Die, \JD 2 e) : 
d' e {q) = 0, # € (q) = C2} is at least 2, hence #Q(c 2 ) = +00. Thus, there are infinitely many 
non-minimizing solutions. So, the assertion (2) of Theorem 3 is completely proved for all the 
different cases. □ 

The proof above yields the following corollary: 

Corollary 7.2 Assume there exists apo G B 4 andr] > such that §{po,rj) is not contractible in 
50(3). Then there exist at least two solutions of (T> e ) inA+i(Ao). Furthermore, if one assumes 
that cat(§>(po,rj), 50(3)) > 3, then there exist at least three solutions of (T> e ) inA+x^Ao). 

8 Examples 

In this section we perform two tasks. First we illustrate a method to construct boundary data 
that yield any prescribed matrix M (precisely, for any given matrix M, a boundary value is 
constructed such that M{Aq,pq) = M), thus showing that the different cases in Theorem 3 
can all be achieved (Proposition 18. 1|) . Second, We show that the non-degeneracy condition 
fii(A ,po) > fJ-2{Ao,Po) > V3{Ao,Po) (where the /ij(A ,po)'s (i = 1,2,3) are the eigenvalues of 
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M(AQ,po) t M(Ao,po)) can always be obtained by making an an arbitrarily small perturbation of 
the boundary value Aq (Proposition 18, 2| ). This can be done while leaving the other conditions 
in Theorems 1-3 unaffected. 

Let A E C°°(T*dB A ® so(3)) be a given boundary value and let A E C co {T*B A <£> so(3)) 
be any solution to (Do) with boundary value ^o (recall that dA Q is uniquely determined by the 
boundary data ^4o)- 

Let wjf := fix 1 A dx 2 - dx 3 A dx 4 , uj^ := fix 1 A dx 3 + <ix 2 A <ix 4 , wj := dx 1 A <ix 4 - dx 2 A (ix 3 
be the basis for anti-self dual 2-forms on M 4 introduced in §1.2. We observe that cjT/ = d/3^ , 
uj^ = d/3% and cu^ = dj3% ■> with /37/ = x^dx 2 — x 3 dx A , (5% = a^dx 3 + x 2 dx 4 , /JT = x 1 dx A — x 2 dx 3 . 

Let us define a family of connections on B A parameterized by real 3x3 matrices A := (ay) 
as follows 

So(A) := S , 1 (A)i + B 0j2 (A)j + S 0i3 (A)/ S E C°° (T*5 4 ®«o(3)), 

with B /A) := ^ + ou/9r + a 2 //3 2 - + a-j^, 1 < I < 3, (8.1) 

and a family of boundary connections -Bo (A) = t*^o(A). (Here, following the notation introduced 
in @], A := A 0A i + A 02 j + A 03 k). 

Note that, for any choice of the matrix A, the connection B_q(A) is a solution to (Do) with 
boundary value Bq(A). The corresponding matrix M(Bq(A),p) := (my(J3o(A),p))i<ij<3 1S 
computed explicitly as follows: 



mijiBo^p) := / ((dB^A))-, (d^)") 

= m ij (A ,p) + ai j (u{,(dh Pyi )~) +a 2 j (wj, (dh p>i )~) + a 3 j / (wjT ,(dh Pii )~~). (8.2) 
Jb 4 is 4 is 4 

Here, we recall that /i p := /i P) ii + /i p ,2j + h p ^k, where the components /i Pj / (/ = 1, 2, 3) are har- 
monic, and (dh Pt i)~ := (dh p ^uj^ + (d/i Pi j)Ju;J + (d/t P) z) 3 Wg~. In this notation, (wj~, (dh Pi i)~) = 
2(dh Pi i)fc. Since the components (dh p ^ are also harmonic on £> 4 , by the mean value property 
for harmonic functions, one has 

(u£ , (dftp,j)-) = 2 / (dV)fc = 2|5 4 |(d/ lp , i ) fe (0) = 7r 2 (dV)fc (°)> ( 8 - 3 ) 

B 4 Js 4 

where |-B 4 | = ^- is the Lebesgue measure of B A . 
Combining (J8.2J1 . f|8.3j> . one obtains 

M(B (A),p) = M(A ,p) + tt 2 H(p)A, with ff(p) := ((d/^)* (0))i<i,fc< 3 • (8.4) 
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ho(p) hi(p) h 2 (p) 

Prom (|2.5p - (|2.Tj) . -ff(p) can be written as -ff(p) = | — hi(p) h (p) h 3 (p) | , with 

-h 2 (p) -ha(p) h (p) 

l/<9a p ,i da Pt2 <9a Pi3 <9a Pi4 



1/ da p ,i <9a p . 2 #a p ,3 , da Pi4 \, n , 
1 / ga p ,i da p ,2 _ <9a P)3 _ <9« P ,4 \ ((] , 

2[p) ~ 2\ d x 3 + 5x 4 dx l dx 2 ) [ j ' 

1/ <9a p i <9a p . 2 , da Pi3 da pA \ 

One has det H(p) = h (p)(h (p) 2 + h x (p) 2 + h 2 (p) 2 + h 3 (j>) 2 ) and also, by (J2SD, h (p) > for all 
p € i? 4 . Thus, -ff(p) is non-singular for all p £ i? . 
This, in particular, implies the following result: 

Proposition 8.1 For any given pg £ B , and any given 3x3 matrix M , there exists always a 
3x3 matrix A such that M(Bq(A),pq) = M. Thus, the different hypotheses of Theorem 3 can 
be obtained by choosing a suitable real matrix A (and corresponding boundary data Bq(A)). 

Proposition 18. 11 combined with Theorem 3, yields many examples of boundary values of the 
form -Bo(A) such that (D e ) has multiple solutions in A+i(Bq(A)), as well as non-minimizing 
solutions. Notice that, by elliptic regularity, the conditions in Theorems 1-3 are open conditions 
with respect to the boundary value (for example, with respect to i/ 1 ' 2 -topology). The following 
proposition holds. 

Proposition 8.2 For any given boundary connection Aq G C°°(T*dB 4 ®so(3)) and any given 
Po £ B 4 , there exists an arbitrarily small perturbation Aq E C°°(T*dB 4 so (3)) of Aq such that 
the eigenvalues of M(A , p ) t M(Ao,p ) satisfy fj,i(A ,po) > /z 2 (A),.Po) > /^(A), Po) > 0. 

Proof: We seek a boundary connection Aq of the form -Bo (A) for some matrix A (as constructed 
in the proof of Proposition I8.1|) . with the desired requirements. 

To this purpose, we first seek a 3 x 3 matrix X such that the eigenvalues of M(Aq,pq) + X 
satisfy the requirements. We then choose A such that 7t 2 H(pq)A = X. For Aq = Bq(A), the 
statement would then follow from (|8.4p . 

Let us choose a matrix Q £ SO '(3) such that 

Q- l M(AQ,pQ) t M(A ,p )Q = diag(/4i(A ,Po),MA)>:Po),MA),Po))- 

By taking an arbitrarily small perturbation, we may assume that M(Aq,pq) is non-singular. 
For small jjl > 0, we choose X such that Q~ 1 M(Aq,pqYXQ = diag(3/i, 2/i, p) (take X = 
(M(Ao,p ) t y 1 Q diag (3/f, 2p, fj,) Q- 1 ). We then have 

Q-\M{Aq, P q) + X)\M{Aq,pq) + X)Q 
= Q- 1 M(A ,p ) t M(A , Po )Q + Q- 1 M{Aq,pq) 1 XQ + Q- 1 X t M(AQ, Po )Q + Q^X'XQ 
= diag([i 1 (Ao,po),{i2{Ao,po),Lt 3 (Ao 1 po)) + diag (6/U, 4/i, 2fj) + 0(fi 2 ). (8.5) 
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Thus, by taking A such that ir 2 H(po)A = X, we obtain 

Mi(-B (A),po) = m(A ,p ) + 6a* + 0(^ 2 ), 
H 2 (B (A),po) = M4>,Po) + Ip + 0(^ 2 ), 
H 3 (B (A),p ) = ^ 3 (A),Po) + 2fi + 0(fi 2 ). 

These imply that there exists p, > such that, for all < // < fl, one has 

H 1 {B (A),p ) > n 2 (B (A),p ) > » 3 {B {A),p ) > 0. 

This completes the proof. □ 

Conjecture 8.1 One could look for multiple solutions also in the components Ak(Ao), for k ^ 
±1. We conjecture that multiple solutions to (D e ) exist in each component A^Aq), for small e > 
0, for a rather general family of boundary values. For example, one may seek multiple solutions 
in yio(^4o) of the form A = A e #-(l-instanton)#-(—l-instanton). This would require proofs 
similar to the ones established in this paper, but with lengthier and more delicate calculations. 
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